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This paper concerns the associative lower central series ideals Mi
of the free algebra An on n generators. Namely, we study the
successive quotients Ni = Mi/Mi+1, which admit an action of the
Lie algebra Wn of vector ﬁelds on Cn . We bound the degree |λ|
of tensor ﬁeld modules Fλ appearing in the Jordan–Hölder series
of each Ni , conﬁrming a recent conjecture of Arbesfeld and Jordan.
As an application, we compute these decompositions for small n
and i.
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1. Introduction
Let An = C〈x1, x2, . . . , xn〉 be the algebra over C of noncommutative polynomials with generators
x1, x2, . . . , xn . We consider the lower central series of Lie ideals Li deﬁned inductively by L1 = An
and Li+1 = [An, Li]. We denote by Mi the two-sided ideal in An generated by Li , Mi := AnLi An . This
is the same as the left-sided ideal AnLi . This follows from the identity below where a, c ∈ An and
b ∈ Li−1:
[a,b]c = −a[b, c] + [ac,b].
In this paper, we study the Jordan–Hölder series of Ni = Mi/Mi+1. The Jordan–Hölder series give
decompositions (in the Groethendieck group) of Ni into sums of irreducible Wn-modules of Fλ , where
λ = (λ1, λ2, . . . , λn) for λ1  λ2  · · · λn are nonnegative integers; |λ| := λ1 +λ2 +· · ·+λn . Here Wn ,
the Lie algebra of polynomial vector ﬁelds, acts on the Ni . The Jordan–Hölder constituents are Fλ .
We prove the following conjecture of Arbesfeld and Jordan on the upper bound of |λ|.
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|λ| 2m − 2+ 2
[
n − 2
2
]
.
For m odd, this can be improved to
|λ| 2m − 2.
We apply similar techniques to those of [AJ,BJ], who studied the Lie quotients Bi = Li/Li+1. The
proof of Theorem 1.1 depends on the following:
Theorem 1.2. Ni = V · Li/(A · Li+1 ∩ V · Li) where V is spanned by elements of An of degree  1.
Feigin and Shoikhet [FS] introduced the quotients Bi = Li/Li+1. They were further studied by Do-
brovolska, Etingof, Kim and Ma [DE,DKM,EKM], as well as Arbesfeld and Jordan [AJ]. In [DE] and [AJ],
bounds |λ| for the Jordan–Hölder series of Bi were produced, and checked for small i and n by com-
puter. We prove an analogous bound on |λ| for the Jordan–Hölder series of Ni and show that it grows
linearly with i.
The structure of this paper is as follows. The following two Sections 1.1 and 1.2 contain a review of
the representation theory of the Lie algebra of polynomial vector ﬁelds and the tensor ﬁeld modules
over Wn . Section 2 presents a proof of the main result. In Section 3 the Jordan–Hölder series for
Nm(An) for small n and m are computed.
1.1. Representation theory of the Lie algebra of polynomial vector ﬁelds
Let Wn denote the Lie algebra of polynomial vector ﬁelds. As a vector space, we have
Wn =
⊕
i
C[x1, x2, . . . , xn]∂i .
The Lie bracket is given by
[p∂i,q∂ j] = p ∂q
∂xi
∂ j − q ∂p
∂x j
∂i .
According to [EKM], Wn acts on each Ni , and as a Wn-module, Ni has a Jordan–Hölder series
whose simple quotients are of the form Fλ (see Section 2.3 below for the deﬁnition). Let hM be the
Hilbert series for a graded vector space M . Then we have
hFλ =
p
(1− t1)(1− t2) · · · (1− tn) ,
where deg p = ‖λ‖.
We will bound hNi
∏
i(1− ti). This bound and the knowledge of the Hilbert series of Fλ as above
will allow us to control decompositions of the Ni into the Fλ .
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For λ = (λ1, λ2, . . . , λn), λ1  λ2  λ3  · · · λn , where the λi are nonnegative integers, let Vλ be
the irreducible representation of gln of highest weight λ. We set |λ| := λ1 + λ2 + · · · + λn .
Let F˘λ be the space of polynomial tensor ﬁelds of type Vλ on Cn . As a vector space F˘λ :=
C[x1, x2, . . . , xn]⊗Vλ . It is known that F˘λ is a representation of Wn with action given by the standard
Lie derivative formula for action of vector ﬁelds on covariant tensor ﬁelds (see [R]).
Theorem 1.3. (See [R].) If λ1  2, or if λ = (1n), then F˘λ is irreducible. Otherwise, if λ = (1k,0n−k), then
F˘λ is the space Ωk = Ωk(Cn) of polynomial differential k-forms on Cn, and it contains a unique irreducible
submodule which is the space of all closed differential k-forms.
Denote by Fλ the irreducible submodule of F˘λ , so that Fλ = F˘λ unless λ = (1k,0n−k) for some
1 k n − 1.
2. Proof of Theorem 1.1
In this section we prove the bound of the Jordan–Hölder series of Ni stated in Theorem 1.1.
We begin by proving Theorem 1.2. This result is also useful in simplifying computation of the
Hilbert series of Ni . We ﬁx n, and let A denote An .
For the proof of Theorem 1.2 we use the following lemma:
Lemma 2.1. For b ∈ Li−1 , a, x, y ∈ A, we have the following identity:
yx[a,b] = x[ya,b] + y[xa,b] − [xya,b] mod ALi+1.
Proof. Let b,a, x, y be as above. Then we have the following identities:
[xa,b] = x[a,b] + a[x,b] mod Li+1, (1)
[xya,b] = xy[a,b] + xa[y,b] + ya[x,b] mod Li+1. (2)
Multiplying (1) by y, we get
y[xa,b] = yx[a,b] + ya[x,b] mod ALi+1. (3)
Interchanging x and y in (3), we get
x[ya,b] = xy[a,b] + xa[y,b] mod ALi+1. (4)
Now subtract (2) from (3) and (4). We get
yx[a,b] = x[ya,b] + y[xa,b] − [xya,b] mod ALi+1.  (5)
Taking y to be of degree one and applying the lemma repeatedly, we can reduce the term in front
of the bracket of an arbitrary element of A · Li to something in V · Li by adding terms in A · Li+1∩V · Li ,
which is exactly Theorem 1.2.
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We ﬁrst recall some deﬁnitions and results that we will need in the proof.
Deﬁnition 2.2. Let Z¯ be the image of A[A, [A, A]] in B1, which was shown in [FS] to be central in B .
We deﬁne B¯1 to be the quotient B¯1 = B/ Z¯ .
Now, recall the Feigin–Shoikhet map [FS].
Theorem 2.3. There is a unique isomorphism of algebras,
ξ : Ωev∗ → A/A
[
A, [A, A]],
xi → xi .
It restricts to an isomorphism ξ : Ωev∗,ex → B2, and descends to an isomorphism ξ : Ωev∗ /Ωev∗,ex → B¯1 .
For the second part of the proof of Theorem 1.1 we use some of the methods introduced in [AJ].
Recall the map from [AJ]:
Theorem 2.4. There is a surjective map fm : (Ωev)⊗m → Bm such that
fm(a1, . . . ,am) =
[
ξ(a1),
[
ξ(a2), . . . ,
[
ξ(am−1), ξ(am)
]]]
,
where ξ : Ωev → B˘1 is the Feigin–Shoikhet map from Theorem 2.3.
We recall that the algebra of zero forms is in fact C[x1, x2, . . . , xn] and will be referred to as S . We
also use that fm is surjective when restricted to Y := (Ω0)⊗m−2 ⊗ (⊕ j+k[ n−22 ] Ω2 j ⊗ Ω2k) as shown
by Bapat and Jordan. Using Theorem 1.2, we deﬁne a similar map for
Z = S ⊗ Y = Ω0 ⊗ (Ω0)⊗m−2 ⊗
( ⊕
j+k[ n−22 ]
Ω2 j ⊗ Ω2k
)
.
Since fm|Y is surjective, by Theorem 1.2, so is
f˘m : Z  Nm,
a ⊗ b 
→ afm(b)
where a ∈ Ω0, b ∈ Ω0. Here, on the right-hand side, by abuse of notation, a is ξ(a).
Surjectivity of f˘m implies that the Jordan–Hölder series of Z dominate the Jordan–Hölder series of
Nm . We seek a large Wn-submodule I˘ ⊆ Ker f˘m, so that the Jordan–Hölder series of Z/ I˘ still dominate
the Jordan–Hölder series of Nm . Then for the proof of Theorem 1.1 it will be suﬃcient to show that
all Fλ occurring in the Jordan–Hölder series of Z/ I˘ satisfy the bound on |λ|.
As in [AJ], we deﬁne R as
R :=C[x1, x2, . . . , xn]⊗m =C[x1,1, x2,1, . . . , xn,1, x1,2, . . . , xn,m].
Let R ′ = S ⊗ R = C[x1,0, x2,0, . . . , xn,0, x1,1, . . . , xn,m]. Let the ideals J j of R ′ for 0  j  m − 1 be
generated by Xi, j = xi, j − xi, j+1.
Let I = J20 +
∑m−2
i=1 J3i + J2m−1. Let J =
∑m−2
i=1 J3i + J2m−1. We will show that I˘ = I Z is in Ker f˘m
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Proof. This is straightforward from Lemma 2.1. J20 Z is spanned by elements of the form (x ⊗ 1 ⊗
1− 1⊗ x⊗ 1) ∗ (y ⊗ 1⊗ 1− 1⊗ y ⊗ 1) ∗ (1⊗ a ⊗ b) where ∗ is the Fedosov product. We have that
(x⊗ 1⊗ 1− 1⊗ x⊗ 1) ∗ (y ⊗ 1⊗ 1− 1⊗ y ⊗ 1) ∗ (1⊗ a ⊗ b)
= xy ⊗ a ⊗ b − x⊗ ya ⊗ b − y ⊗ xa ⊗ b + 1⊗ xya ⊗ b.
Consider the image of the map f˘m
f˘m(xy ⊗ a ⊗ b − x⊗ ya ⊗ b − y ⊗ xa ⊗ b + 1⊗ xya ⊗ b)
= yx[a,b] − x[ya,b] + y[xa,b] − [xya,b].
By Lemma 2.1 this is zero in Nm so the spanning set of J20 Z maps to zero. 
Arbesfeld and Jordan showed that J Z ⊆ Ker fm . Lemma 2.5 implies that J20 · Z ⊆ Ker f˘m . Thus we
have Z/I Z  Nm .
We ﬁnish the proof analogously to [AJ].
As in [AJ] hZ/I Z = hR ′/I × hX ′ where hX ′ is the Hilbert series of the generators over R ′ of Z . Again
by using the results from [BJ] we have
hX ′ =
∑
j+k2 n−22 
σ2 j × σ2k,
where σl =∑i1i2···il ti1ti2 · · · til are the elementary symmetric functions. We can also compute
hR ′/ J˘ =
(1+∑ ti +∑i j tit j)m−2(1+∑ ti)2
(1− t1)(1− t2) · · · (1− tn) .
We now use that
hZ/I Z = Q (t1, t2, . . . , tn)
(1− t1)(1− t2) · · · (1− tn) .
Thus Q = hX ′ × (1+∑ ti +∑i j tit j)m−2(1+∑ ti)2. So the degree of Q is 2m − 2+ 2n−22 .
For m odd, we can improve this bound to |λ| 2m − 2 using the following result of [BJ]:
Theorem 2.6. M jMk ⊂ M j+k−1 whenever j or k is odd.
To apply this, we use the following argument suggested by Pavel Etingof. Notice that
a
[
a1, . . . ,
[
am−1,b[c,d]
]]= ab[a1, . . . ,am−1, c,d] + a[a1, . . . ,am−1,b][c,d].
The left-hand side is a general element of Mm such that the last term in the commutator lies in
A[A, A]. The ﬁrst term on the right-hand side is clearly in Mm . The second term is in MmM2 ⊂ Mm+1
by Theorem 2.6. Thus the right-hand side is zero in Nm . Now under the Feigin–Shoikhet isomorphism,
A[A, A] corresponds to forms of degree 2 and higher, so in the proof of Theorem 2.4, we may replace⊕
j+k[ n−22 ] Ω
2 j ⊗ Ω2k by Ω0. We may then carry out the argument exactly as above, but with the
dependence on n removed.
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Now that we have found a lower bound of |λ| (Theorem 1.1), we may obtain the Jordan–Hölder
series for several values of m, n for Nm(An) via MAGMA computation. For example, we have the
following results, in which we will denote each instance of Fλ by the n-tuple λ for economy of
notation.
Theorem 3.1. The Jordan–Hölder series for Nm(A2) for 3m 7 are:
• N3 = (2,1) + (2,2).
• N4 = (3,1) + (3,2) + (3,3).
• N5 = (4,1) + (3,2) + 2(4,2) + (4,3) + (4,4).
• N6 = (5,1) + (4,2) + (3,3) + 2(5,2) + 2(4,3) + 2(5,3) + (5,4) + (5,5).
• N7 = (6,1)+2(5,2)+2(4,3)+3(6,2)+3(5,3)+3(4,4)+3(6,3)+2(5,4)+2(6,4)+(6,5)+(6,6).
These decompositions were conjectured by Arbesfeld and are now theorems.
Theorem 3.2. The Jordan–Hölder series for Nm(A3) for m = 3,4 are:
• N3 = (2,1,0) + (2,2,0).
• N4 = (2,2,2) + (2,2,1) + (3,1,0) + (3,1,1) + (3,2,0) + (3,3,0).
Theorem 3.3. The Jordan–Hölder series for Nm(A4), m = 3,4 are:
• N3 = (2,1,0,0) + (2,2,0,0).
• N4 = (3,3,0,0) + (3,2,0,0) + (3,1,1,1) + (3,1,1,0) + (3,1,0,0) + (2,2,1,1) + (2,2,2,0) +
(2,1,1,1) + (2,1,1,0).
Note that the decomposition of N3 was also computed in [EKM].
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